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Abstract — We compare the capacities of M-ary pulse posi-
tion modulation (PPM) on Gaussian and Webb channels, which
are often used to model optical channels with avalanche photo-
diode (APD) detectors. Both types of channels exhibit the same
brickwall thresholds on minimum signal-to-noiseratio per infor-
mation bit (bit-SNR) for different values of M.

Considera symmetricchannelwith inputsignalsx restrictedo an
M-ary orthogonalconstellation(suchas PPM) and no restrictionon
thechanneloutputsy. The maximummutualinformationbetweernx
andy is achievedwith anequiprobablealistribution ontheinputs,and
thechannekapacitycanbeevaluatedas

p(vIx;j)
% p(vix1)

wherev is ary randomvectorobtainedrom y via aninvertibletrans-
formation.

For astandarchdditive white Gaussiamoisechanne(AWGN-1),
the componentf the channeloutput vectory, given one of the
orthogonalinputs xj, are conditionally independentGaussiarran-
dom variables,identically distributed exceptfor y;j: y; is N(O, a?),
i # j, andy;j is N(m, 02). The capacityis evaluatedfrom (1), using
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A “double” AWGN channe(AWGN-2) addsgreatemoiseto the
orthogonalcomponentn the direction of the signal. The compo-
nentsof the channeloutputy, givenoneof the orthogonalnputsx;,
areconditionallyindependenGaussiamandomvariablesjdentically
distributedexceptfor yj: yi is N(mp, 63), i # j, andy; is N(my,02),
with my > mg andoy > 0p. Thecapacityevaluatedirom (1) is

C(p,y) = log; M
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where the (conditional) statisticsof v; 2 (yj — mg)/00, and hence
the capacity dependon two parameterspé(ml - rrb)z/o% and

yé o%/o% < 1, ratherthanonfour parametersng, Gg, My, O1.

An optical channelwith APD detectorscan be modeledas a
“double” Webbchannel(Webb-2),plus additionalGaussiarthermal
noise[1]. A Webb randomvariable W(m,0?,8?) = m+wo is a
scaled-and-translategersion of a standardizedVebb randomvari-
ablewéW(O, 1,8%) having probability density p(w; 8%) = \/%[(1+

w/8)~3/2W*/2(14W/3) \y > _&. For a pure Webb-2channel the
component®f the channeloutputy, givenoneof the orthogonalin-
putsx;, areconditionallyindependentWebbrandomvariablesjden-
tically distributedexceptfor yj: y; is W(mo,03,83), i # j, andy; is
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W(my,02,82), with my > mp, 01 > 0, andd; > 8. Theoptical APD
channelmodel imposesan additional interrelationshipy = 6(2)/6%.

The capacityis thenevaluatedfrom (1) in termsof A2 82 - &3 as
C(p,y,4) = log;M
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wherevj, p, andy have the samedefinitions(in termsof the Webb-2
channeblariables)asfor the AWGN-2 model.

We evaluatedthe M-dimensionalexpectationsin (2), (3), and
(4) accuratelyvia Monte Carlo simulation. Someresultsare plot-
ted in Fig. 1 for the AWGN-1 and Webb-2 channelsfor different
PPM ordersM. The abscissan this figure is a normalizedbit-

SNR, pp 2 p/(2C). Along eachWebb-2curwe, the two independent
variablesheld constantare A = 60.8 andpy/(1—y) = 17.6, which
correspondo a representatie optical APD problemwith nns = 38
detectedsignal photonsper PPM word and an excessnoise fac-
tor F = 2.16. The Webb-2 capacity curves for eachM exhibit
the samebrickwall thresholdson minimum p, asthe AWGN-1 ca-
pacity curves. For different M, thesethresholdsare offset from
eachother by a factor M/(M — 1), representingthe penalty for
using orthogonalsignalsinsteadof a simplex signal set. In the
limit asM — o, the minimum py, approachegfor both AWGN-1
and Webb-2)the well-known bit-SNR thresholdof —1.59 dB for a

standardAWGN channelwith no restrictionon the channelinputs.
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Fig. 1: Capacityof M-ary PPMon AWGN-1 andWebb-2channels.
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